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[■*-. ' Abstract. For a compact Riemann surface X of genus g > 1, 

CN ! Hom(7ri(X), PU(p, q))/ PU(p, q) is the moduli space of flat PU(p, q)- 

connections on X . There are two invariants, the Chern class c and 
the Toledo invariant t associated with each element in the mod- 
uli. The Toledo invariant is bounded in the range —2min{p, q){g ~ 
1) < r < 2min{p,q){g — 1). This paper shows that the compo- 

,S^ ' nent, associated with a fixed t > 2{max{p,q) — l){g — 1) (resp. 

j^ , T < —2{max{p, q) — l){g — I)) and a fixed Chern class c, is con- 

nected (The restriction on r implies p = q). 



< 



CN ■ 1. Introduction and Results 
> ■ 

^ ■ Let X be a smooth projective curve over C with genus g > 1. Let 

^ . PGL(n, C) and PU(p, q) be GL(n, C) and U(p, q) modulo their respec- 

G^ \ tive centers. The deformation space 

O \ CUb = Hom+(7ri(X),PGL(n,C))/PGL(n,C) 

r-| ■ is the space of equivalence classes of semi-simple PGL(n, C)-representations 

^ ', of the fundamental group 7ri(X). This is the PGL(n, C)-Betti moduli 

space on X. 

Since PU(p, g) C PGL(n, C), CA/^ contains the space 

>< : ^fB{p,q) = Hom+(7ri(X),PU(p,g))/PU(p,g). 

o3 I The space Msip^q) will be referred to as the PU(p, g)-Betti moduli 

space. One may assume p > g > without loss of generality. 

The Betti moduli spaces are of great interest in geometric topol- 
ogy and uniformization. Goldman analyzed A/s(l, 1) and determined 
the number of its connected components 0. A theorem of Corlette, 
Donaldson, Hitchin and Simpson gives a homeomorphism of CA/b to 
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2 EYAL MARKMAN AND EUGENE Z. XIA 

two other moduli spaces — the PGL(n, C)-de Rham and the PGL{n, C)- 



Dolbeault moduh spaces, respectively [§, ||, [ly, |14|. The Dolbeault 
moduli spaces are moduli of semi-stable Higgs bundles. Hitchin sub- 
sequently considered A/b(1, 1) from the Higgs bundle perspective and 
determined its topology |jl0[. The cases when the structure groups be- 
ing U(p, 1) and PU(2, 1) are treated in |^, ^. Gothen obtained partial 
results for the structure groups SU(2, 2) and Sp(4, R) p. Other related 
results have been obtained in [|1^, |2^ . 

Each element in A/b(p, g) is associated with a Chern class c and a 
Toledo invariant r which is bounded as [^ [T^ |T^ 

-2qig-l)<T<2qig-l). 

The main result presented here is the following: 

Theorem 1.1. The locus inAfB{p,(l), associated with a fixed t > 2{p— 
l){g — 1) (resp. r < — 2(j9 — l){g — 1)) and a fixed Chern class c, is 
connected. 

Remark 1.2. The hypothesis t > 2{j) — l){g — 1) and the fact that 
< r < 2q{g — 1) imply p = q. 

Section |^ reviews the homeomorphism between the GL(?t,, C)-Betti 
space and the moduli space of Higgs bundles. Section ^ recalls the 
characterization of U(p, g)-Higgs bundles and their Toledo invariant. 
Section || concerns the C*-action on the moduli space of U(p, p)-Higgs 
bundles and introduces the locus of Binary hodge-bundles, a distin- 
guished component of the C*-invariant locus. The main result of Sec- 
tion ^ (Proposition |4.6| ) implies that any point in the components (with 
r > 2{j) — l)((yf — 1)) of the moduli can be deformed to a binary hodge 
bundle. In Section ^, we prove that the locus of binary hodge bundles 
is irreducible (Proposition ^.1|) . Theorem |l]l] follows from Proposi- 



tions ^^ and pTl| . 

After the completion of this paper, S. Bradlow, O. Garcia-Prada and 
P. Gothen announced that all moduli spaces of flat PU(p, g)-structures 
with fixed Chern class and Toledo invariant, are connected [Q. 
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2. The GL(n,C)-HiGGS Bundles 

Let r be the central extension 

1 — ^ Z — ^ r — > 7ri(X) — > 1 

as in |jl|, [l^. Each p G Hom(r, GL(?t,, C)) acts on C" via the standard 
representation of GL(n, C). The representation p is called reducible 
(resp. irreducible), if its action on C" is reducible (resp. irreducible). A 
representation p is called semi- simple, if it is a direct sum of irreducible 
representations. 

Definition 2.1. 

CA4b = {<^ & Hom(r, GL(?2, C)) : a is semi-simple}/ GL{n,C). 
■^b{p,<i) = {o" G Hom(r, U(p, g)) : a is semi-simple}/ \J{p,q). 
It is immediate that 

C^B = C7WB/Hom(7ri(X),C*) 

A/b(p, q) = Mb{p, q)/ Hom(7ri(X), U(l)). 

Therefore counting the components of A/b(p, q) is the same as counting 
the components of J\4b{p, q)- 

Let E' be a rank-(p + q) complex vector bundle over X with < 
deg(i?) < p + q. Denote by Vt the canonical bundle on X. A holomor- 
phic structure d on E induces holomorphic structures on the bundles 
End(i?) and End(£^) ®Q. A Higgs bundle is a pair {Eq, $), where d is 
a holomorphic structure on E and $ G H°(X, End(i?g) (S> ^)- Such a $ 
is called a Higgs field. We denote the holomorphic bundle Eg by V. 

Define the slope of a vector bundle V to be 

s{V) =deg(V)/rank(V). 

For a fixed $, a holomorphic sub-bundle W G V is said to be $- 
invariant if $(iy) C W D.. A Higgs bundle (V, $) is stable (semi- 
stable) ii W gV being ^-invariant implies 

s{W) < {<)s{V). 

A Higgs bundle is called poly-stable if it is a direct sum of stable Higgs 
bundles of the same slope |l^, pTSJI . 

The Dolbeault moduli space CA1 is the coarse moduli space of semi- 



stable rank-(j9 -|- q) Higgs bundles on X |T^, |TT|, |T2|, |T5[. The closed 
points of C7W parameterize the S'-equivalent classes of semi-stable 
Higgs bundles. Moreover every S'-equivalence class has a poly-stable 
representative. 
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3. The U(p,p)-HiGGS Bundles 

Definition 3.1. Let M. he the subset of 'CM. consisting of equivalent 
classes of Higgs bundles, whose poly-stable representative {V, $) satis- 
fies the following two conditions: 

1. V is a direct sum: 

V = Vp® Vq, 

where Vp, Vq are of ranks p and q, respectively. 

2. The Higgs field decomposes into two maps: 

$1 : Vp — >VQ(d n, 
'^2-Vq — >Vp0 n. 

Hence each (V, $) = (Vp© Vq, $) G TW is associated with two invari- 
ants, dp = deg(Vp) and dg = deg(VQ). The Toledo invariant is defined 

to be 

^_^ deg(Vp®VQ*) _^qdp- 



p + q p + q 

and the Chern class is dp -\- dg. The subset of M, consisting of classes 
with fixed dp and dq, is denoted by A4(dp,dQ)- 

Remark 3.2. When p = q, the labeling of the sunimands Vp and Vq 
may seem ambiguous. However, we will introduce assumption (^ be- 
low, which implies that dp > dq. Thus, when p = q,Vp is distinguished 
as the summand of larger degree. 

Theorem 3.3. 

1. The moduli spaces CMb ond CA4 are homeomorphic. 

2. The reducible representations in CA^^ correspond to the poly(semi)- 
stable, but not stable, points. 

3. The subspace M-p is homeomorphic to A4. 

4. The space M.{dp4Q) is homeomorphic to Ai^^dp-dg)- 

Proof. The proof of (1) and (2) can be found in [^ (the main idea is 
present in [|], [l^ and the most general version of this celebrated result 
is inJTl|). For (2) and (3), see ^^ ^. See also the last few sections 



of |T5[ for general real forms. D 



Part (H) characterizes isomorphism classes of semi-stable U{p, q)- 
Higgs bundles as those, which are fixed under the involution (V, $) h^ 
(V, — $) and the involution of V conjugating $ to — $ has eigenvalue 
—1 with multiplicity q. In particular, A^ is a closed subset of the 
quasi-projective variety CA1, and we may endow Jv{ with the reduced 
induced subscheme structure. 
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By Theorem |3.3| (P, we assume, for the rest of the paper that 

0<r<2g((7-l). 

Lemma 3.4. Suppose t > 2{p-l){g -1). T/ien (Vp© Vq, ($1, $2)) e 
M(^dp,dQ) implies 

$1 : Vp — >Vq^Q 

is generically surjective. 

Lemma |3.4] was first obtained for integer r by Gothen . 

Proof. Since {Vp © Vq, $) is semi-stable and r is positive, $1 ^ 0. 
Suppose $1 is not generically surjective with a non-trivial kernel Vi. 
We want to produce a destabilizing Higgs subbundle, namely, (Vp © 
Wi © Q^^, $), where Wi is as in the following canonical factorization 
of $1: 

— > Vi ^ Vp -^ V2 — ^ 



$1 



V 



< — W2 ^ Vq®^ ^^ Wi < — 

In the above diagram, the rows are exact, rank(V2) = rank(Vri) and if 
has full rank at a generic point of X. Let di = deg{Vi), Vi = rank(V^). 
Since Vi is ^-invariant, semi-stability implies 

di dp + dg 
ri ~ 2p 
Since (p has full rank generically, deg(iyi) > d2 = dp — di. Hence, 

deg{Vp®Wi(g)n-^) = dp + deg{Wi) - 2r2ig - I) 

^ ^r nidp + dg) 

> 2dp 2r2{g-l). 

This implies 

s{Vp(BW^0n~')-s{V) > -^— '' ^' ' ''^ + ''^ 



p + r2 2p 

This, together with the facts ri + r2 = p and r = dp — dq, gives us 

s{Vp © W^i © Q-^) - s{V) > ^-^^2(^-1) ^ 
^ ^ ^ ^ ~ P + r2 

Since ri > 1, we have r2 < p. The assumption r > 2{p — l){g — 1) then 
imphes that Vp®Wi^ Q'^ destabilizes V. D 

For the rest of the paper, we assume 

r>2{p-l){g-l). (1) 
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4. The U(p,p)-Hodge Bundles 



Definition 4.1 (See [|T5]). A Hodge bundle on X is a Higgs bundle 
{E, $) of the following form: 

k 
i=0 

and $ = {(pk, •••, 0i) with: 

(j)i:E' — > E''^ ® n. 

The integer k is called the length of the Hodge bundle {E, $). 

There is a C*-action on CA^: 

C* xCM — > CM 
{t,E,<l>) ^ iE,t<l>). 

The space of equivalence classes of semi-stable Hodge bundles is the 
set of fixed points of this action (See Lemma 4.1 of [|l5[] ). 

Remark 4.2. If {E, $) is a stable Higgs bundle, which is a fixed point 
of the C*-action, then it admits a unique decomposition of E, realizing 
it as a Hodge bundle (Lemma 4.1 in |15|). Hence, the decomposition 
is canonical if {E, $) is poly-stable. 

A stable Hodge bundle {E, <l>) admits a unique realization as a U(p, g)- 
Higgs bundle, for a unique pair of non-negative integers {p,q)- Let 
E = ©f=o-^* t)e the unique decomposition of {E, $) and (pi : E^ ^- E^~^ 
the corresponding decomposition of the Higgs field. Let E°'^'^ be the 
direct sum of the summands with odd index. We define E^''^^ similarly. 
The stability of {E, $) implies, that there exists at most one automor- 
phism / of E, up to a C*-factor, which conjugates $ to — $. Such an 
automorphism / is given by multiplying E°'^'^ by a G C* and multiply- 
ing E^™^ by -a. Set Vp = E°'^'^ and Vq = E^™'^. Then (Vp © Vq, $) 
is a U(p, g)-Higgs bundle, with p = rank(Vp) and q = rank(VQ). Re- 
call our convention, that ii p = q, then Vp is the summand of larger 
degree (Remark p.2|) . This follows from assumption (P by Lemma 
374[ Otherwise, deg(ii^'^™°) > deg(ii^°'^*^) and Lemma |3.4| implies that 



$ . ^cvcn _^ ^odd (g, ^ ig injective. This would contradict the fact that 
E'^ is in the kernel of $. 



In Section 4.1 we describe the C*-action on the tangent space of a 



Hodge bundle. In Section 4.2 we introduce the locus of Binary Hodge 



bundles and characterize it in terms of the C*-action. 
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4.1. The infinitesimal C*-action. The infinitesimal deformations of 
a Higgs bundle {E, $) are calculated by the first cohomology of the 
complex K, below 

End(E) ^ End{E) ® Q 

(in degrees and 1). When {E, $) is a Hodge bundle, H^(i^,) decom- 
poses into weight spaces of the natural C*-action. Next, we analyze 
this decomposition. Let 

/i : C* ^ Aut(^^) and 
a : C* -^ Aut(l]) 

be the representations with weights i and 1 respectively. We denote by 
fi also its natural extension to tensor products of the E^ and by a the 
action on Hom(£'*, E^) ® fi via 1 ® a. Set 

p := /i ■ a. 

Then /x and p both have weight j—i on Hom(ii^*, E^). On Hom(i?*, E^^ 
fl), p, has weight j—i and p has weight j — i + 1. Observe that the 
Higgs field $, of a Hodge bundle, has weight —1 with respect to p and 
it is p-invariant. Consequently, the differential of the complex K, is 
p-invariant and the complex decomposes as a direct sum 

fc+i 



K. = 0i^r, (2) 

w=—k 

where K^ is the complex 

mm{k,k—w} mm{k,k—w+l} 

Eom{E\E'+'") ^ Eom{E\E'+'"-^®Q). 

j=max{0,— ty} i=inax{0,l— «)} 

For example, K~'' is the complex supported in degree zero by the vector 
bundle B.om.{E'^ , E^) . The complex Kl^'^ is 

Hom(E'=-^E°)0Hom(E^El) ^ Hom(E^E°®fi), (3) 
(a, 6) 1-^ 01 o 6 — (a ® 1) o 0^. 

Lemma 4.3. The representation p : C* ^ Aut(H^(i^,)) is the infini- 
tesimal C* -action, on the tangent space at the fixed point {E, $), arising 
from the 'C* -action {E,ip) \-^ {F,tip) on the moduli of Higgs bundles. 
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Proof. Denote by K,t the complex corresponding to deformations of 
the Higgs pair {E,t'^^). There are two natural isomorphisms of com- 
plexes 

fit : B\K,) ^ Hi(ir.,,) and (4) 

(l,ri) : E\K.) ^ }1\K.,) 

The first is the evaluation of the representation /i at t. The second is 
the identity on the vector bundle in degree and multiplication by t^^ 
on the vector bundle in degree 1. The automorphism fit of E sends $ 
to t~^^. Hence, [E, $) and {E,t~^^) are equivalent Hodge bundles. In 
other words, Hodge bundles are C*-invariant. The isomorphism (^ is 
the natural identification of the two cohomological calculations of the 
same tangent space. The automorphism pt of K, is the composition 

Pt = {i,t-'y'opt. 

The lemma follows. D 

Denote by i^^™" the sum of the even weight sub-complexes of K,. 

Lemma 4.4. Assume that {E, $) is stable. Then the infinitesimal 
U{p,q)- deformations of a Hodge bundle (-E, $) are parameterized by 

Proof. This is the infinitesimal counterpart of the characterization of 
the U{p, q) moduli space as the fixed point set of the involution 

D 
4.2. Binary Hodge bundles. The C*-action on CTW preserves A^(rfp,rfQ) 



151 , |21| . Let C7i C C-M. and 'Hi^dp^dQ) C. ■M(dp,dQ) be the corresponding 



sets of Hodge bundles. 

Definition 4.5. Suppose (E, $) = (V^p © Vq, ($1, $2)) G M^dp,dQ)- 
Then {Vp © Vq, ($1, $2)) is a binary Hodge bundle if $2 = 0. That is 
a binary hodge bundle is a \J{p,q)-Hodge bundle of length 1. Denote by 
^{dp,dQ) the set of binary Hodge bundles. 

^{dp,dQ) is a closed subset of J^{dp,dQ)- It may be endowed with 
the reduced induced subscheme structure. The closedness of Bi^dpAq) 



follows from Lemma W^ below. Lemma W^ characterizes B(^dp,dQ) as 



the union of all connected components of the fixed locus of M.{dp4Q)i 
which are the minimal with respect to a partial ordering by the weight 
invariant (^). We show later that B(^dp dg) is irreducible (Proposition 



THE MODULI OF FLAT PU(p,p)-STRUCTURES WITH LARGE TOLEDO INVARIANTS 

The rest of this section is dedicated to proving the following propo- 
sition. 

Proposition 4.6. Under the assumption ^, B(^dp,dQ) intersects every 
connected component of Jli(^dp,dQ)- 



The proposition follows from Lemmas ^J and [4.8| . We will follow 
the general outline of Simpson's proof of the connectedness of the mod- 
uli space CM. (see |l^). Simpson introduced an algebraic version of 



a standard Morse theoretic technique. The space CA^, as well as its 
subvariety J^(dp,dQ), are quasi-projective varieties. They fit into the 
following set-up. Let y be a quasi-projective variety upon which C* 
acts algebraically. Assume that L is a very ample line-bundle on Y 
with a linearization of the action. Then there is a finite dimensional 
invariant subspace V C H^{Y,L), giving rise to a C*-equivariant em- 
bedding Y "-^ FV*. Denote hj V = (BVa the decomposition into weight 
subspaces, so that t G C* acts by t" on Va- Let Z be the closure of Y 
in PV^*. Denote by Zp the intersection Z fl FVS. The fixed locus of Z 
is the union of the loci Zp. In particular, a connected component Z', 
of the fixed locus of Z, comes with an invariant; a weight 

(3{Z') (5) 

such that Z' is contained in FVS/^,y Assume y & Y is not a fixed 
point. Then the closure of the C*-orbit oi y in Z has two fixed points 
2/0 := linii^o^Z/ and yoo '■= ^iT^t^ooty. Moreover, the invariants of yo 
and yoo satisfy the strict inequality P{yo) < /3(2/oo)- Thus, connected 
components of the fixed locus are partially ordered. Moreover, if y is 
not a fixed point, taking the limit limt^oty amounts to flowing down 
to a lower connected component of the fixed locus of Z. 

Assume, furthermore, that linii^o t^ exists in Y for all x eY. Then 
the process of fiowing down can be used to study the connectedness 
of Y. More precisely, we have the following lemma, which is a trivial 



variation on Lemma 11.8 in 16 : 



Lemma 4.7 (Lemma 11.8 in [jT6[). Suppose Y is a quasi-projective va- 
riety, upon which C* acts algebraically and lim(_^o tx exists in Y for all 
X E Y as above. Suppose U G Y is a subset of the fixed point set of 
C* , and suppose that for any fixed point x ^ U, there exists y ^ x such 
that linii^oo ty = x. Then U intersects every connected component of 
Y. 

Proof. Suppose Y' is a connected component of Y not intersecting U. 
Let P be the smallest integer such that Y^ is non-empty. Choose x E Y^. 
By hypothesis, there exists y j^ x in Y', such that limi^oo ty = x. On 
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the other hand, z' := \\va.t^i^ty is also in F', say in Y'^. Since y is not 
a fixed point, a < /3. This contradicts the minimahty of /5. D 

It is known that \\va.t^Q{E ^t^^ always exists in CA^ and is a Hodge 
bundle HTSl. The same holds for M.{dp,dQ) since M.(dp,dQ) is closed in 



CA^ and is C*-invariant. Proposition ^]6| follows from Lemma |4.7| , 
with Y = M.[dp,dQ) and U = B[dp,dQ), and Lemma ^78[ The latter is 



the analogue of Lemma 1L9 of [|16|. 



Lemma 4.8. Suppose {E, $) G 'H[dp,dQ) is poly-stable with length k > 
1. Then there exists {F,"^) G A4(dp,dQ) satisfying 

lim(F,t^) ^ (E,^) and 

t—*oo 

Proof. Assume first that {E, $) is stable. Then it is a smooth point 
of M.(dp4Q)- Lemma ^]9| below implies that negative weights occur in 
the weight decomposition of the tangent space to -Midp^g) at (_E, $). 
Take a C*-orbit R in A4(dp,dQ), with {E, $) in its closure, such that the 
tangent line to R at [E, $) has negative weight. Then any point {F, \l/) 
in R would satisfy the conditions of the Lemma. 

Next, we reduce the proof to the stable case. Suppose {E, <l>) = 
(Vp © Vq, $) is a poly-stable representative, of length fc > 1, of an 
equivalence class in TC(^dp,dQ)- Then {E, $) is of the form (V/.© Vg, $') © 
(V^' © Vq, $"), where {Vp © V^^, $') is a stable Hodge bundle of length 
A; > 1. Lemma |3.4| implies that $i is generically an isomorphism. 
Hence, the same holds for $'^ and $'/. Lemma [4.9| below implies the 
existence of a pair (F', \E''), not equivalent to (Vp © Vg, $'), such that 
\imt^^{F',t<il') = (y; © V;^,$'). Take (F, ^) := (F', ^') © (V^' © 
\/(^',$"). Then 

lim (F, t^) = lim (F', t^') © (\/;' © V" $") = (F, $). 

Moreover, the graded objects gr{{E,^)) and ^^((F, \1/)) are not iso- 
morphic. Hence, (F, $) and (F, \1/) are not equivalent. D 

Let (F, $) be a stable hodge bundle corresponding to a U(p, g)- 
bundle (Vp© Vq, $). Since (F, <J>) is fixed by the C*-action, the tangent 
space T(^E,<s>)M(dp,dQ) is a representation of C*. Denote by [T(^E,^)-M.(dp,dQ)y 
the sum of negative weight spaces of this representation. Lemma |4.9| 
below is used in the proof of Lemma [4.8| . 

Lemma 4.9. Let (F, $) be a stable hodge bundle corresponding to a 
U{p,p) -bundle {Vp © Vq,^). Assume that ^i : Vp ^ Vq ^ Q is an 
injective homomorphism. Assume further that the length k of its Hodge 
decomposition is > 2. Then [T(^E,<i>)-M(^dp,dQ)]~ does not vanish. 
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Proof. Note that we exclude the binary Hodge bundles which corre- 
spond to the case oi k = 1. There are two cases, namely when k is 
even and when k is odd. 
Case 1: k > 2 is odd. 

It suffices to prove that H^(i^,)^^'^ does not vanish. Our assumptions 
imply that 02j+i : ii^^*+^ -^ E"^"^ is generically an isomorphism. In 
particular, r2i+i = r2i, where Tj is the rank of E\ Stability of the 
Hodge bundle {E, $) implies: 

s{E^®E^) < s{E) < s{E^-^®E^). 

Lemma 4.10. At least one of the two cases holds: 

s{E^) < s(E'^-i) or (6) 

s{E') < s{E'). (7) 

Proof. Assume otherwise. Then s{E^) > s{E^~^) and s{E^) > s{E^). 
Using the fact that tq = ri and r^^i = r^, we get: 

This contradicts the stability of {E, $). D 

We will use Lemma [4.10| to prove that H^(ii',)^"^ does not vanish. The 
1 — k weight space is equal to the ffist cohomology H {Kl~'') of the 
complex (^). H*(i^^^^) vanishes for i < and i > 2. We get the 
inequality 

dimH^(ir.)'"'^ > -xiK-''). 
Consequently, it suffices to prove that the Euler characteristic xi^l'^) 
is negative 

x(Hom(E'=-^E°)) + x(Hom(E^E^))-x(Hom(E^E°®fi)) < 0. 

(8) 

Consider ffist the case s{E^) < s[E^). The Euler characteristic 
x{^om{E^ , E^))isrirk[s{E^)-s{E^)+l-g\. It follows that x(Hom(E^ E^)) 
is negative. Composition with 0^ 

Hom(E'=-\E°) ^ Hom(E^E°®fi) 

is generically an isomorphism by our assumption on $i. Consequently, 
the difference of their Euler characteristics is negative 

x(Hom(E'=-\ E^)) - x(Hom(E^ E^®VL)) = 
rorfc[s(Hom(E'=-^E°))-s(Hom(E^E°®fi))] < 0. 
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Equation (H) follows. 

The case s{E^) < s{E^~^) is similar. Use composition with 0i in- 
stead. 

Case 2: k is even. 

Then the complex K''' is simply the vector bundle Hom(ii^'^, E^) sup- 
ported in degree 0. Stability implies 

s(^°) < s{E) < s{E''). 

If follows that 

dimH^(/C)-'= > -xiK'") = -x(Hom(S^E°)) > 0. 

This completes the proof of Lemma |4.9|. D 



5. Connectedness of the locus of U(p,p)- Binary Hodge 

Bundles 

In this section, we show that B(^dp,dQ) is irreducible for fixed dp and 
dq, thus, proving Theorem |1 . 1| . 

Proposition 5.1. If t > 2{p — l){g — 1), then B(dp,dQ) is irreducible. 

Recall that the assumption of Lemma p. 4| implies p = q (See Remark 
|1.2|) . Key to the proof of Proposition |5.1| is the alternative description 
of B(^dp,dQ) provided by Lemma |3^ . Suppose (Vp © Vq, $) is a binary 



Hodge bundle. Then we obtain the length p{2g — 2) + dQ — dp quotient 
sheaf (Vq, f : Vq ^ Vq/($i(Vp) (g) fi"^)). Conversely, for each length 
p{2g — 2) + dQ — dp quotient sheaf {E, f : E —>■ F) , we obtain a binary 
Hodge bundle (ker(/) (^Q,® E, $i), where 

$1 : ker(/) ® fi — > E^n 

is the natural inclusion. In this way. Lemma p.4| provides the following 
alternative description of the moduli space B(^dp,dQ) of binary Hodge 
bundles: B(^dp,dQ) parameterizes a family of equivalence classes of pairs 
{E, f : E —* F) of a rank p vector bundle E of degree dq and a length 
p{2g — 2) + dq — dp quotient sheaf f : E ^ F on X . The irreducibility 
of B(^dp,dQ) is an easy consequence of this description. 



Proof, (of Proposition xl) We construct an auxiliary irreducible va- 
riety Q2 and a Zariski open subset Qf C Q2- The subset Ql'* maps 
surjectively onto B(^dp,dQ)- The scheme Q2 is a relative Quot scheme 
over a subset i? of a Quot scheme Qi of vector bundles. We recall the 
construction of R following Seshadri [^ . 

The space Bt^dpAq) is a subset of the moduli space of Higgs pairs. The 



family of Higgs bundles parameterized by QM. is bounded [15|. Hence 



there exists an ample line bundle L on X with the following property: 
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Every Hodge bundle in the family of Hodge bundles parameterized by 
B{dp,dQ) admits a representative (Vp © Vq, $i) with vanishing first co- 
homology H^(X, Vq^L) = 0. Let H{m) := x{Vq ® L™) be the Hilbert 
polynomial of rank p vector bundles of degree dq. Set a = H{1) and 
let Qi := Quotha L~i/x/c ^^ ^^^ Grothendieck scheme parameterizing 
the quotient sheaves of ©^=1-^^^ with Hilbert polynomial H [P]. The 
scheme Qi contains an irreducible and smooth quasi-projective variety 
R defined by 

R={W eQi-.W is locally free and R^W) = 0} 

([0 Chapter III Proposition 23). By our choice of L, every Higgs pair 
in B(^dp,dQ) is represented by a pair (Vq©Vp, $), such that Vq is realized 
in i? as a quotient of ©"L^^L^^ 
Let 

E — ^Xx i? 

be the universal quotient bundle of ©"=1-^^^. Then there exists a rela- 
tive Quot scheme 

parameterizing quotient sheaves of E supported as length —dp + dg + 
2p{g — 1) subschemes of a fiber oi X x R ^ R 0. By construction and 
Lemma p.4| , Q2 parameterizes a family of Higgs bundles that contains 
representatives of all classes in B[dp4Q)- 

The morphism Q2 —>^ R factors through a surjective morphism 

h : Q2 ^ ^X^(-dp+dg+2p(g-l))^ 

where X^"^^ stands for the rTi-symmetric product of X. A quotient 
sheaf F is sent to /^^x ■ x, where £x is the length of the stalk of 

xex 
F at the point x. Each fiber of h is isomorphic to the product of 

infinitesimal Quot schemes Q{i, O^.) of length i quotients of the stalk 

at X of the trivial rank p vector bundle. Consider the subscheme Q^^'^^ of 
Q2 parameterizing pairs of quotient sheaves (©"^^L"^ -^ W,W ^ F), 
where F is supported on a subscheme D G X a.s a. free 0D-iiiodule 
of rank 1. The restriction of h to Q2 ^^ is a smooth morphism. The 
scheme Q2^ is irreducible because R, the symmetric product of X, 
and each fiber of h are irreducible. Q2^ is dense in Q2, because each 
fiber of h in Q^^'^^ is dense in the fiber in Q2 (Lemma |5.2| ). 

Finally, the semi-stable condition is open. Hence, the subscheme 
Qf of Q2, parameterizing the semi-stable Higgs bundles, is open and. 
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consequently, irreducible. Proposition |5.1| follows from the fact that 

D 



Q?^ admits a surjective morphism onto B^ 



{dp,dQ)- 



Lemma 5.2. The Quot scheme Q{i, C^L)); of length i quotients of the 
stalk at X of the trivial rank p vector bundle, is irreducible. 

Proof. The Lemma must be well known. We could not find a reference, 
so we include a short proof. Let m be the maximal ideal of x and A the 
ring 0(^)/m^. Any quotient sheaf in Q{i, O^.) is also a quotient of the 
free A-module of rank p. It is a direct sum of at most p cyclic A-modules 
(Nakayama's Lemma and the classification of modules over the discrete 
valuation ring 0(x))- Thus, the isomorphism class of a quotient sheaf 
is determined by a partition of £ as a sum of p non-negative integers. 

Let G := GL{p, A) be the group of automorphisms of the free A- 
module of rank p. The group G acts on Q{i,0^^.). Let Q{i,O^.Y^^ 
be the orbit of quotient sheaves that are free A- modules of rank 1. It 
suffices to prove that the orbit 



O^M^^ is dense in 



Of.); 



The proof is by induction on p. lip = 1, then Q{i, Oj^-^) = Q{i, Oi^Y^^ 



is a point. Let {ii,£2, ■■■ ,ip), ii > 0,he a partition of £. We show that 
the orbit Q{i,Ol^^Y^^'^'--^p^ is in the closure of Q(£,Oj;.))W. If some 
of the ii are zero, the proof reduced to the case of a smaller p. Assume 
that none of the ii vanishes. Let z he a local parameter and consider 
the linear combination r]{t) := ip + t(p, t G C, of the two p x p matrices 



^ 



^ 



( 







z'^ 












Z^2 


V 






/ 1 










1 







u 








z^^ 








/p-1 








1 






1 

/ 



\ 



/ 



and 



When t = 0, 77(0) is equal to ^ and its cokernel is a quotient sheaf in 
the orbit Q{i, C)P jC^i.^av-.^p)^ if t ^ 0, then row reduction leads to the 
expression of the column ?7(t)p as a linear combination of the first p—\ 
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columns (mod z^): 



p-i 



z^p 



t 



k=2 



_] 2(^+Eti'^0 



vit), 



^+'t 



p-i 



■z -e 



pj 



where {ei, . . . , e^} is the standard basis of O^.. Consequently, if t 7^ 



and fP ^ (-l)P, the cokernel of r/(t) is in Q{i, 0''^.Y^\ 



n 



[1] 
[2] 
[3] 
[4] 
[5] 
[6] 
[7] 

[8; 

[10: 

[11 
[12 

[13 

[14 

[15 
[16 
[17 
[18 
[19 



REFERENCES 

M. Atiyah, R. Bott, The Yang-Mills Equations Over Riemann Surfaces, Philos. 
Trans. Roy. Soc. London, Ser. A 308 (1982), 523-615. 

S. Bradlow, O. Garcia-Prada, Stable Triples, Equivariant Bundles and Dimen- 
sional Reduction, Math. Ann. 304 (1996), Vol. 225-252. 

S. Bradlow, O. Garcia-Prada, P. Gothen, Representation s of the Fundament al 
Group of a Surface in PU(p,q) and Holomorphic Triples math. A G/01 07 IPS . 
K. Corlette, Flat G-bundles With Canonical Metrics, J. Diff. Geom. 28 (1988), 
361-382. 

S. Donaldson, Twisted Harmonic Maps and the Self-Duality Equations, Proc. 
London Math. Soc, 55 (1987) 127-131. 

A. Domic, D. Toledo, The Gromov Norm of the Kahler Class of Symmetric 
Domains, Math. Ann., 276 (1987) 425-432. 

W. Goldman, Topological Components of Spaces of Representations, Lnvent. 
Math., 93 (1988), 557-607. 
P. Gothen, Components of spaces of representations and stable triples, CMUP 



preprint 99-7 and [math. AG/99041 14 . 

A. Grothendieck, Fondcments de la Geometric Algebrique, Extraits du 

Seminair Bourbaki 1957-1962. 

N. Hitchin, The Self-Duality Equations on a Riemann Surface, Proc. London 

Math. Soc, 55 (1987), 59-126. 

N. Hitchin, Lie Groups and Teichmiillcr Space, Topology, 31 (1992), 449-473. 

N. Nitsure, Moduli Space of Semistable Pairs on a Curve. Proc. London Math. 

Soc, 62 (1991), 275-300. 

C. Seshadri, Fibres vectoriels sur les courbes algebriques, Asterisque , 96 

(1982). 

C. Simpson, Constructing Variations of Hodge Structures Using Yang-Mills 

Theory and Applications to Uniformization. Journal of the AMS, 1 (1988), 

867-918. 

C. Simpson, Higgs Bundles and Local Systems. Publ. Math. L.H.E.S., 75 

(1992), 6-95. 

C. Simpson, Moduli of Representations of the Fundamental Group of a Smooth 
Projective Variety. H. Publ. Math. LH.E.S., 80 (1994), 5-79. 

D. Toledo, Harmonic Maps from Surfaces to Certain Kahler Manifolds, Math. 
Scand., 45 (1979), 13-26. 

D. Toledo, Representations of Surface Groups in Complex Hyperbolic Space, 

J. Differential Geometry, 29 (1989), 125-133. 

Xia E. Z., Components of Hom(7ri, PG'L(2,R)), Topology, 36 (1997) No. 2, 

481-499. 



16 EYAL MARKMAN AND EUGENE Z. XIA 

[20] Xia E. Z., The Moduli of Flat PGL(2,M) Connections on Riemann S urfaces, 

Comm. Math. Phys. 203 (1999) No. 3, 531-549. 
[21] Xia E. Z., The Moduh of Flat PU(2, 1) Structures on Riemann Surfaces, Pacific 

Journal of Mathematics, 195 (2000), No. 1, 231-256. 
[22] Xia E. Z., The M oduli of Flat U(p, 1) Structures on Riemann Surfaces, 

|math.AG/9910037| . 



Department of Mathematics, University of Massachusetts, Amherst, 
MA 01003-4515 

E-mail address: markmanOmath.umass . edu (Markman) , xia@math.umass.edu 

(Xia) 



